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The aim of the project is to study nonlinear control systems of the form @(t) = F(x(t), u(t)), where
the time-evolution z(t) of the state is described by a finite number of its components (x1(t), ..., x,(t)).
The control u(t) influences the evolution of x(¢) and is to be chosen (most often by an engineer but
sometimes by the nature) in order to reach a certain goal. Given an initial condition x¢, there are as
many evolutions staring from xz( as possible choices of the control u(t) and the goal to be achieved is,
for instance, to go from a given initial point to a given terminal point (controllability problem), to go
from any point to a prescribed equilibrium (stabilizability problem), to follow a prescribed trajectory
(tracking problem), to join any two given points by a trajectory that minimizes a certain cost (for
example, energy, time, distance etc). In our project we study various classes of control systems
corresponding to various forms of F(x,u). A main feature of our analysis is that our approach is
geometric. By that we mean that tools and results that we use come from geometry and, perhaps even
more important, that the statements of all problems and their solutions are expressed in a geometric
way, that is, independently of a particular representation of the system. Now we will describe briefly
all topics of our project that we are going to study with the just described methodology.

The first topic is flatness. A control system & = F(z,u) is flat if we can find m functions (as
many as control components), called flat outputs, that describe (together with their derivatives) the
time-evolution of z(t) and u(t). Although many control systems (especially, in applications) have been
proved to be flat, checkable conditions for flatness are not known. In our project we will study various
aspects of flatness. First, we are planning to classify flat systems of small dimension, which describe
many systems met in physical and engineering applications. Second, we will study the question of
where to put controls in order to render a system flat (it is natural to call such controls to be flat
inputs). We will also study the nature of the singular locus, where a flat system loses that property.

The second topic are mechanical control systems. We study the problem of whether we can bring
a mechanical control system into the simplest possible, that is, a linear mechanical system. We
require that the linearizing transformations preserve the mechanical structure: positions are mapped
into positions, velocities into velocities etc. We use geometric tools and interpret the solutions both
geometrically and mechanically. We will also study flatness of mechanical control systems, which
forms a bridge between the first and second topic.

Consider the system & = f(x) (without controls) or # = F'(z,u) (controlled) and assume that we
cannot measure the evolution of the whole state x(t) but only that of a function y(t), where y = h(z).
Usually y has less components than x. The observer problem is to propose another system fed by
the output y(t), whose solutions z(t) tend asymptotically towards z(t), so z(t) "observes" z(t). The
third topic is solving the observer problem by transforming the original system into a linear system,
applying a change of time-scale.

The fourth topic is devoted to constraints that relate positions and velocities (called nonholonomic
constraints) and depend on velocities either linearly or quadratically. For the first class, we will
deal with optimal control problems. For the second class, we will propose a classification of basic
constraints (whose form does not change from point to point) and we will describe their symmetries,
that is, transformations that preserve constraints. We will also study the problem: if a flat control
systems possesses a family of symmetries does it admit a flat output (see the first topic) that is
invariant under a symmetry of that family?

Finally, the fifth topic are nonlinear control systems subject to constraints given by non-strict
inequalities. We will study properties of such systems, in particular, when and in what sense they
are equivalent to systems whose constraints are x; > 0,...,xz, > 0. The latter class is natural in
applications, where the variables z; cannot take negative values (often in models coming from economy,

biology etc.).



